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Abstract

This project presents a complete formalization of the labelled sequent calculus for intuitionistic modal logic
(LabIK) in the Coq proof assistant. We go over the system proposed in [23] and formalize it. It is then
used to prove key meta-theoretical properties including admissibility of identity, weakening, invertibility
and completeness with regards to intuitionistic modal logic (IK). We discuss different approaches and
design choices made, precisely, when it comes to representing the different contexts and the labels necessary
for the system. We also discuss the challenges faced during the formalization and the limitations of our
implementation. The development in Coq is around 1200 lines and is available on Github.1
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1 Introduction

Logics have long been used to model reasoning: classical logic for truth values [30], constructive logic for
proofs [25], linear logic for resources management [7], and many more. Modal logic is a natural extension,
as we strive to represent non-truth functional operators [3]. Precisely, the world "modal" refers to different
ways to express new modes of truth.

It is in C.I. Lewis’s seminal work [2] that the modal logic operators □ (necessity) and ⋄ (possibility)
were introduced, allowing us to reason about what is necessarily or possibly true in a given context. An
example of this is the modal logic S4. As Gödel investigated [36] the provability of mathematics, he found a
way to reduce intuitionistic logic to classical logic augmented by a provability operator; precisely, Lewis’ S4
logic [20,22].

For our work, we turn our focus to intuitionistic modal logic (IK) [28], which foundations allow us to
later formalize IS4 [11]. The problem of its decidability has been a long-standing open question since [32]
and recently solved in [15]. Those results open up new avenues for mechanized formalizations and automated
reasoning that would best be investigated in a proof assistant such as Coq.

As such, our motivation stands in laying the foundation for a complete formalization of the decidability
proof of intuitionistic logic IS4. To this effect, we start by formalizing the labelled sequent calculus for
intuitionistic logic (IK) [23], and proceed to prove key meta-theoretical properties such as weakening, admis-
sibility of identity and the inversion of multiple rules. The labelled sequent calculus system is necessary to
proceed with the proof, and has yet to be formalized in Coq.

2 Formal System

Intuitionistic modal logic (IK) will be the focus of our formalization, as it is the basis on which extensions
of modal logics will be built upon. It is defined as follows. Let A be the set of atoms denoted by lowercase
letters. A modal formula denoted by uppercase letters is constructed with the following grammar:

A,B ::= a | A ∧B | A ∨B | A ⊃ B | □A | ⋄A | ⊥

As the intuitionistic version of K does not allow for the DeMorgan duality ¬□A ⇐⇒ ⋄¬A, its axioma-
tization [28] that extends intuitionistic propositional logic (IPL) with the axioms of necessity (nec) but also

1https://github.com/natvern/labelled-Intuitionistic-logic-coq
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axioms k1 to k5 which defines variants of the distributivity of k [20].

k : □(p ⊃ q) ⊃ (□p ⊃ □q)

And such the axioms of the system IK are as follows:

nec : A ⊃ □A k1 : □(A ⊃ B) ⊃ (□A ⊃ □B)

k2 : □(A ⊃ B) ⊃ (⋄A ⊃ ⋄B) k3 : ⋄ (A ∨B) ⊃ (⋄A ∨ ⋄B)

k4 : (⋄A ⊃ □B) ⊃ □(A ⊃ B) k5 : ⋄ ⊥ ⊃ ⊥

As a note, the IS4 logic (intuitionistic S4) is an extension of IK with the addition of the following axioms:

4 : (⋄ ⋄A ⊃ ⋄A) ∧ (□A ⊃ □□A) t : (A ⊃ ⋄A) ∧ (□A ⊃ A)

2.1 Kripke Semantics for IK

The Kripke semantics for IK as first defined in [11] is based on birelation frames. Precisely, it makes use of
two relations, one based on the semantics of IPL and the other for classical modal logic (K). A Kripke frame
is a pair F = (W,R) where W is a set of worlds and R is a binary relation on W . A bi-relational frame
instead is a triple F = (W,R,≤) where R defines the accessibility relations for modal logic (K) and ≤ is
the preorder relation introduced by intuitionistic logic. These two relations are transcribed in the labelled
sequent calculus as explained in the next section.

Definition 2.1. A bi-relational frame F = (W,R,≤) is a set of worlds W equipped with two relations R and
≤ (reflexive and transitive) such that:

(F1) For all x, y, z ∈ W , if xRy and y ≤ z, then there exists a u such that x ≤ u and uRz.
(F2) For all x, y, z ∈ W , if x ≤ y and xRz, then there exists a u such that yRu and z ≤ u.

We can use this definition to build a bi-relation model M.

Definition 2.2. A bi-relational model M is a quadruple (W,R,≤, V ) where (W,R,≤) is a bi-relational frame
and V : W → 2A is a valuation function satisfying the monotonicity condition: for all w,w′ ∈ W , if w ≤ w′,
then V (w) ⊆ V (w′) where V maps each w to the subset of the propositional atoms that are true at w.

Applied to the rules of IK, the satisfaction relation |= is defined as follows:

w |= a iff a ∈ V (w)

w |= A ∧B iff w |= A and w |= B

w |= A ∨B iff w |= A or w |= B

w |= A ⊃ B iff for all w′ such that w ≤ w′, w′ |= A implies w′ |= B

w |= □A iff for all w′ and u such that w ≤ w′ and w′Ru,w′ |= A

w |= ⋄A iff there exists u such that wRu and u |= A
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2.2 Labelled Sequent Calculus System

The labelled proof calculi [14,35] allows to reason over Kripke semantics in the proof system itself. Precisely,
every formula of the system is equipped with a label. Those labels allow us to build relational atoms. This
power allows us to reason over a multitude of logics [17,27] which enjoy a close relation to Kripke semantics.

Consider two labels x and y. The relational atom xRy encoded the accessibility relation mentioned above.
In the case of IK, since the Kripke semantics is based on birelation frames, there is two possible relational
atoms, the xRy to define accessibility, but also x ≤ y to define preorder relation introduced by intuitionistic
logic. This will be the building block for labelled IK. An inference rules then follows the same structure as
the sequent calculus, but with the addition of labels and a relational context we denote by R.

R′,Γ′ −→ ∆′

R,Γ −→ ∆
r

The labelled sequent is then a triple (R,Γ,∆) where R is the relational atoms context, Γ and ∆ are the
labelled formulas contexts. Each context is a multiset; there was multiple ways to represent this in Coq, and
more will be shown once we present the implementation.

3 Coq Formalization

Figure 1: Inference rules of Lab-IK≤
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In this section, we present the Coq formalization of the labelled sequent calculus for IK. We will focus on
the implementation used throughout the project for the proofs provided, and discuss the design choices and
alternatives considered.

The rules in the figure are taken directly from [23] ; the symbols might differ from the ones used in this
report. The colors in the figure show the labels in blue and the formulas in green. The implication symbol is
also different. However, I would like to emphasize that is the same system.

3.1 The system labIK≤

The labelled IK system is defined in [23].
The syntax of the labelled sequent calculus is an inductive type that makes use of a label and a formula

type as defined below. We represent formulas as an inductive type in Coq:� �
Inductive form : Type :=

| atom (A : string)
| bot
| and (A B : form)
| or (A B : form)
| impl (A B : form)
| box (A : form)
| diamond (A : form).� �

Listing 1: Formula representation in Coq

We represent relational atoms as a separate entity from formulas. This will make our R context easier
to manage, and enforce.� �
Inductive relational_atom : Type :=
| Le (x y : label) % x <= y
| Re (x y : label) % x R y� �

Listing 2: Relational atoms

Putting these two together, a labelled formula is a pair of a label and a formula, defined as
Inductive labeled_form : Type := L (x : label ) (A : form ) where its noted as x : A

The main decision that we made was the representation of the contexts. My first attempt was to define
a sequent as a triple of a list of relational atoms, a list of labeled formulas, and a list of labeled formulas.
Doing this, there are a couple of ways we can go about pattern matching for the rules. (1) as shown below
is to only case on the head of the list.� �
Inductive labik : list relational_atom → list labeled_form → list labeled_form → Type :=
| labik_id :
∀ R Γ ∆ s x y, In (y : atom s) ∆ ∧
In (x : atom s) Γ ∧
In (x ≤ y) R → labik R Γ ∆

| labik_botl {R Γ ∆} (x : label) :
In (x : ⊥) Γ → labik R Γ ∆

| labik_andl {R Γ ∆} (x : label) (A B : form) :
labik R (( x : A)::( x : B):: Γ) ∆
→ labik R ((x : and A B):: Γ) (∆)

| labik_andr {R Γ ∆} (x : label) (A B : form) :
labik R Γ ((x : A):: ∆) → labik R Γ ((x : B)::∆)
→ labik R Γ ((x : and A B):: ∆)

| (* other inference rules *)� �
Listing 3: Derivation in LabIK≤
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Note that the cases that call for fresh variables are instantiated using the forall quantifier in the rule
definition. Precisely, let us take the example of ⋄L.

The rule :

xRy,R, y : A −→ ∆

R, x : ⋄A,Γ −→ ∆
⋄L

This rule will look like this in Coq:� �
labik_dial {R Γ ∆} (A : form) (x : label):

(∀ y : label, labik (x R y:: R) (( y : A):: Γ) (∆))� �
This allows us to make use of the Coq’s type system to generate those fresh variables for us.
Regarding the design choice of our formalization of contexts as lists that pattern match over the head, the

important thing to note is that we have to prove the admissibility of the exchange rule. A way to circumvent
this is to define the exchange rule as part of the system as we assume its admissibility, which is what is done
in the formalization above. Precisely, for ∆ we can define:� �

| labik_delta {R Γ ∆} (A : labeled_form):
labik R Γ (∆ ++[A])
→ labik R Γ ( A :: ∆ )� �

Listing 4: Exchange rule

This same definition is extended for Γ and R. Clearly, this makes some of our proofs more complex,
because of a successive application of the exchange rule depending on where the formula we want to focus on
is located. To circumvent this, we can define helper rules that are only concerned with the two elements at
the head of the list, and then switch between them. For most our proofs, this type of exchange is sufficient,
since the rules themselves are defined in a way that the head of the list is the formula of interest. A question
we might ask regarding those observations is whether a focused sequent calculus would be suitable for labIK≤,
one both motivated by the decidability results of IS4 and automated proof search. We will not pursue this
question in this work, but it is an interesting avenue for future work.

3.2 Further definitions

As most of the proofs are done over the height of the derivation tree, we define it as follows.� �
Fixpoint height {R Γ ∆} (p : labik R Γ ∆) : nat :=
match p with
| labik_id _ _ _ _ _ _ _ ⇒ 1
| labik_andl _ _ _ _ _ _ p’ ⇒ 1 + (height p’)
| labik_andr _ _ _ _ _ p1 p2 ⇒ 1 + max (height p1) (height p2)
| (* other cases *)
| labik_delta _ p’ ⇒ height p’
end.� �

Listing 5: Proof height definition

Note that we assume the exchange rule does not change the height of the derivation tree; this is a reasonable
assumption, as the initial definition of the contexts are that of multisets.

3.3 Proof Engineering Techniques

Most proofs proceed by structural induction on the derivation tree:

5



� �
Theorem structural_property : ∀ R Γ ∆,
labik R Γ ∆ → (* property holds *).

Proof.
intros R Γ ∆ H.
induction H.
− (* identity case *)
− (* conjunction left case *)
− (* other cases *)

Qed.� �
Listing 6: Typical proof structure

For the proofs of stronger properties that are height-preserving, we use induction on the proof height.� �
Theorem height_preserving_property : ∀ R Γ ∆,
∀ H : labik R Γ ∆ → sig (fun H1 : labik R (A::Γ) ∆ ⇒ height H1 <= height H).

Proof.
intros R Γ ∆ H.
− assert (conditions).
− destruct IH.
∃ (derivation).
simpl. assumption.

Qed.� �
Listing 7: Height induction pattern

For the base cases, we can easily prove that the conditions hold. For example, in the case of ⊥L it must be
that ⊥ exists in Γ. For the inductive cases, we destruct the hypothesis to obtain the necessary information
about the derivation tree, from that we can build the new derivation tree H1. Given H1 and the height of
H, the proof of the height-preserving property is straightforward.

3.4 Proofs of Key Properties

The key properties we focus on in our formalization include: (1) Admissibility of general identity, (2) Weak-
ening is height-preserving admissible, (3) Completeness with regards to IK and (4) Invertibility for single
premises rules.

3.5 Admissibility of General Identity

The admissibility of general identity is a key property of the labelled sequent calculus, and will be used in
the remainder of the proofs. It is our first structural proof on the formula A and states the following for all
formulas A:

Proposition 3.1. The general identity axiom R, x ≤ y,Γ, x : A −→ ∆, y : A
idg is admissible in labIK≤.

Proof. The proof proceeds by structural induction on the formula A.

In Coq, the proof is straightforward with a single application of each rule, and the exchange rule is used
minimally.

3.6 Weakening

Other properties, we are however concerned about are weakening and invertibility. For both proofs, the
properties are made even stronger by an induction on the height; meaning that for every invertible rule,
and weakening, the rule is height-preserving admissible. We start by proving the admissibiliy of weakening,
which we define as follows:

R,Γ −→ ∆

R,R′,Γ,Γ′ −→ ∆,∆′ wk
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Definition 3.2. A rule is height-preserving admissible if every derivation of its premises, there exists a
derivation of its conclusion of less or equal height.

A rule is height-preserving invertible if for every derivation of the conclusion, there exists a derivation of
its premises of less or equal height.

With this definition in mind, we can prove the following lemmas.

Lemma 3.3. The weakening rule is height-preserving admissible for labIK≤.

Proof. The formalization of the proof is surprisingly involved, and requires three auxiliary lemmas. Precisely,
each lemma is concerned with one of the three contexts, i.e. R,Γ, and ∆. We pose the following:

Lemma 3.4. ∀ x A, if R,Γ −→ ∆ then R, x : A,Γ −→ ∆.

Proof. The proof proceeds by induction on the height of the derivation, and specializes for labelled formula
x : A. The proof requires three auxiliary lemmas. We start with the case of Γ, as the other cases are similar.� �
Lemma labik_weakening :
∀ {R Γ ∆} (A : labeled_form) (H : labik R Γ ∆),
sig (fun H1 : labik R (A:: Γ) ∆ ⇒ labik_height H1 <= labik_height H).� �

Listing 8: Height-preserving weakening

The proof proceeds by induction on the height of the derivation. Precisely, let us look at the base case of
identity.� �
(* Base case : identity *)
(* We want to assert the conditions for which identity holds *)
− assert (In (y : atom s) ∆ ∧ In (x : atom s) (A:: Γ) ∧ In (x ≤ y) R).
(* what we have is a : that the identity holds for labik R Γ ∆ *)

+ destruct a. destruct H0.
split. (* we now have the conditions*)
∗ simpl. assumption. (* Clearly the first condition holds trivially *)
∗ split.

−− apply list_weakening. assumption. (* The second condition holds by weakening on lists *)
−− simpl. assumption. (* Trivial *)

(* We are able to construct the identity proof for Γ = A, Γ*)
+ ∃ (labik_id R (A:: Γ) ∆ s x y H). simpl. lia.� �
The inductive cases follow trivially from the inductive hypothesis and the application of the exchange

rule. Interesting cases are ones that introduce fresh variables like implication right for instance.� �
(* Implication right case *)
(* The construction of the rule requires us to

construct from the application of the generate variable
to the proof *)

− ∃ (labik_impr A0 B x (fun y ⇒
let (H1, H1_height) := H y in
labik_switch_gamma (y : A0) A H1)).
simpl. edestruct H. simpl. lia.� �

This is part of the reason why the proof uses signatures, and not a logical exists, as we need to be able to
give the generated y to the proof of the inductive hypothesis.

From the previous lemma, we can deduce a more general lemma for the context Γ that is if R,Γ −→ ∆
then R,Γ,Γ′ −→ ∆ forall Γ′. The proof proceeds by induction on Γ. From a successive application of the
three lemmas, we can deduce the more general weakening as defined above. The cases for ∆ and R are
similar.
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3.7 Invertibility

As mentioned, another property we are interested in is invertibility. We pose the following proposition,
however we do not yet have the full formalization of the proof in Coq.

Proposition 3.5. Single premises rules are height-preserving invertible in labIK≤. The ∧L and ∨R are
height-preserving invertible on both premises. The ⊃L is height-preserving invertible on the right premise.

The proof as shown in [23] proceeds by induction on the height of the derivation. In our formalized
fragment of the proof, we do a standard induction on the derivation, meaning that we do not prove the
height-preserving property. An example of this induction for ∧L is as follows:� �
intros.
remember (z: A ∧ B::Γ) as Γ′.
induction (H).
− subst ; apply (labik_id _ _ _ s x y).
destruct a. destruct H1. destruct H1.
+ discriminate.
+ split.

∗ assumption.
∗ split.

−− simpl. right. right. assumption.
−− assumption.� �

Precisely, for this case, we are concerned with the first rule application. We apply the identity rules with x
and y as the labels, and s as the atom. So now we need to prove:� �
In (y : s) ∆ ∧ In (x : s) (z : (A ∧ B) :: Γ) ∧ In (x ≤ y) R� �
We are able to prove each condition either through the assumptions or because of a contradiction in the

hypothesis, precisely in the case where z : A ∧ B = x : s, which is impossible.
The most problematic cases are the ones that introduce free variables. Let us look at the inductive case

for ⋄L.� �
− inversion HeqΓ’. inversion HeqΓ’’. subst. apply labik_impr.
intro y.
specialize l with (y:=y).
specialize H0 with (y:=y).
(* The issue is here *)� �
The issue precisely is that in most cases, we could discriminate over equalities that cannot occur. Precisely,

saying that z : A ∧ B = x : s is impossible because a conjunction cannot be an atom. The same thing
happens here. Even though we could discriminate directly in the case that do not introduce fresh variables,
in the cases that do, they are part of an implication that I could not destroy.� �
H0 : y : A0 :: z : (A ∧ B) :: Γ = z : (A ∧ B) :: Γ →

labik (( x ≤ y) :: R) (y : A0 :: z : (A ∧ B):: Γ) (y : B0 :: ∆) →
z : A :: z : B :: Γ = z : A :: z : B :: Γ →
labik (( x ≤ y) :: R) (z : A :: z : B :: Γ) (y : B0 :: ∆)� �

Precisely, the hypothesis H0 should be reduced to the left hand side but I could not further the proof.
Another reason why I proceeded with proving the invertibility without the height-preserving property is

because of the scope of the forall, which we use to introduce a fresh available. Let us consider the case of
⋄L. A fresh label y is introduced in Γ, however, is also used in R. If I am to build the proof H, the forall
passed as a function can only be applied to build Γ.

As mentioned above, this is a work in progress, but below is the general idea, precisely for the case of ∧L.
The remaining single premises cases will follow the same steps. We proceed by induction on the derivation.
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� �
Lemma invertible_andl:
∀ R Γ ∆ A B z
(H : labik R (z: A ∨ B::Γ) ∆),
labik R (z: A:: z: B:: Γ) ∆.
(* base case for identity *)
(* we apply the identity rules for x y and atom s *)
− apply (labik_id _ _ _ s x y).
destruct a. destruct H1. destruct H1.
(* case where z : A ∨ B = x : atom s => Impossible *)
+ discriminate.
(* case where x : atom in Γ*)
+ split.

∗ assumption.
∗ split.

−− simpl. right. right. assumption.
−− assumption.

(* case where the rule applied is ∧L *)
− inversion HeqΓ’. subst. (* where can the rule be applied? *)

+ inversion HeqΓ’’. (* what are the enforced equalities *)
subst. assumption.� �

3.7.1 Cut-elimination

The ultimate goal of this section is to prove cut-elimination for labIK≤.

Theorem 3.6. Any sequent provable in labIK≤ can be proved without using the cut rule.

To prove this, a lemma is introduced if the premises of a cut rule are both cut-free (do not use any cut),
then the conclusion is also cut-free. The proof is very involved, and has not been proven in our formalization
yet. The complete proof is shown in [23]. Part of the issue is that the proof requires the height-preserving
invertibility (Proposition 3.8), and such, we cannot proceed with the proof until we have it.

3.8 Completeness

The proofs that the axioms of propositional intuitionistic logic and IK are trivial, however, they showcase
clearly how the rules are applied for an interactive proof in LabIK≤.
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� �
(* k3 : ⋄(A ∨ B) > (⋄ A ∨ ⋄B) *)
Lemma k3 : ∀ (x : label) (A B : form),

( nil , nil ) ⇒ (x : ⋄(A ∨ B) > ⋄ A ∨ ⋄ B) :: nil.
Proof.
intros.
apply labik_impr. (* implication right *)
intro y. (* fresh variable y *)
apply labik_dial. (* diamond left *)
intro z. (* fresh variable z *)
apply labik_orl. (* or left *)
(* left premise *)
− apply labik_orr. (* or right *)
apply labik_diar. (* diamond right *)
apply (labik_refl z). (* reflexivity on z *)
(* exchange rule *)
apply id_g.

(* right premise *)
− apply labik_orr. (* or right *)
(* exchange rule *)
apply labik_diar. (* diamond right *)
apply (labik_refl z). (* reflexivity on z *)
(* exchange rule *)
apply id_g.

Qed.� �
Listing 9: Proof of axiom k3

Both premises are closed by general identity.

Theorem 3.7. LabIK≤ is complete with respect to IK. For any theorem A of IK, A is also provable in
LabIK≤ + cut.

To be able to proceed with the proof, we define cut as follows:

R,Γ ⊢ ∆, x : A R,Γ, x : A ⊢ ∆

R,Γ ⊢ ∆
cut

Proof. The proof proceeds by showing that all axioms k1 k5 and necessity are admissible in labIK≤. We
extend our proof by showing that the axioms of propositional intuitionistic logic are also admissible. Here is
an example of the proof of k5 : x : ⋄⊥ ⊃ ⊥.� �
Lemma k5 : ∀ (x : label),

(nil, nil) ⇒ (x : (⋄⊥ −→ ⊥)) :: nil.
Proof.
intro.
apply labik_impr.
intro y.
apply labik_dial.
intro z.
apply (labik_botl z).
simpl. left. reflexivity.

Qed.� �
This is equivalent to :

x ≤ y, yRz, z : ⊥ −→ y : ⊥ ⊥L

x ≤ y, y : ⋄⊥ −→ y : ⊥
⋄L

−→: x : ⋄⊥ ⊃ ⊥
⊃R

10



Note that we introduce y and z as fresh labels.
Cut is only needed to prove modus ponens, i.e. if P and P −→ Q then Q, the proof is a direct application

of cut.
The last remaining piece is the admissibility of the necessitation rule, which we formulate as follows:

Lemma 3.8. ∀xA, if x : A then ∀y, y : □A.

The proof uses the admissibility of weakening, as well as a lemma to generalize over labels for empty
contexts. Precisely,

Lemma 3.9. if x : A then ∀y, y : A.

The proof of the above lemma is trivial since we are only concerned with the empty context, meaning
that the label x is not used in the proof and every A is an axiom.

Proof. To prove necessitation, suppose that □A holds.

This is done by a direct application of □R.
x ≤ y, yRz −→ z : A

−→ x : □A
□R. By lemma 3.4, we deduce z : A.

Then, we apply weakening to z : A with x ≤ y and yRz such that the hypothesis holds and z : □A holds.
Another application of the lemma yields us the result for x : □A.� �

Goal ∀ (A : form),
∀ x : label, labik nil nil (x : A :: nil) →
∀ y : label,
(nil, nil) ⇒ (y : □ A :: nil).

Proof.
intros.
assert (H1 : (nil, nil) ⇒ (x : □ A :: nil)).
− apply labik_boxr. intros.
assert (∀ z : label, (nil, nil) ⇒ (z : A :: nil)).
+ apply (helper_necc A x). assumption.
+ specialize H0 with (z := z).
apply (labik_weakening_r (y0 R z)) in H0.
apply (labik_weakening_r (x ≤ y0)) in H0.
assumption.

− apply (helper_necc (□ A) x). assumption.
Qed.� �

Note that helper_necc is the associated lemma 3.4.
We now have that all the theorems of IK are provable in labIK≤. As a result, labIK≤ is complete with

respect to IK, i.e. Theorem 3.2.

Although [23] goes into depth on the soundness proof of labIK≤, we will not cover it here. The proof
requires a further formalization of the Kripke semantics and interpretations which go beyond the scope of
this project.

3.9 Another Design Choice

In this section, we will discuss different approaches we tried for the representation of the contexts. The
initial design and the one we stuck with is the one used in the report, however, one we have switched to (and
have yet to finalize) also makes use of lists but do not enforce a pattern matching over the head of the list.
Precisely, let us look at how the derivations differ.� �
Inductive Provable :
list relational_atom → list labeled_form → list labeled_form → Type :=

| PId {G G’ D D’ C C’} x y a :
Provable (G ++Le x y :: G’) (D ++x : a :: D’) (C ++y : a :: C’)

| BotL {G D D’ C x} : Provable G (D ++(x : ⊥) :: D’) C
| AndL {G D D’ C x A B} :
(* other cases *)� �
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The main difference is that we do not have a single context, but multiple depending on where the formula
is located. This allows us to focus anywhere in the list, but also not enforce the exchange rule in the rules
themselves. The exchange rule is still admissible, but not required. The main issues with this approach that
made it difficult to work with is in the proofs themselves: Most of our proofs case on the head of the list,
which while possible in this approach, still requires to give both two contexts. The pattern matching in Coq
is not satisfactory to make the proofs clear.

Consider the cases where we must prove that the axioms of IK are admissible in our system, while it is
enough to apply a rule directly and let Coq infer the context (as it is not important), in the case of this
approach, we have to give not only the name of the rule but also the contexts that are used in the rule. This
makes the proofs harder to read and more complex.

Another approach we looked at, and might have been the most promising, is to use multisets instead of
lists. The setup of this approach is non trivial and tricky as shown in [31]. It would have taken us longer to
implement, but in retrospect, would have made some of the proofs easier, and clearer.

4 Related Work

Modal logic was studied by several authors [3, 18, 26, 34], and a cut-free formulazation for S5, for instance,
was presented in [4]. A completeness theorem for the logic been established in [19] and its complexity has
been further studied in [21,33]. In [24,29], a higher-order approach is introduced and embedded. The theory
of modal logic has been extensively studied, and a generalization over it as a ’hybrid logic’ has even been
proposed in [5]. However, intuitionistic modal logic has not been as widely explored.

Part of the reason is the difficulty to define the concept of what it means for a modal logic to be
intuitionistic [11]. The proof theory and semantics behind intuitionistic modal logic is presented in [32].
Some methods [12] to reason about the logic use a contraction-free sequent calculi [8], hypersequent [1], the
tableau method [16], and now the labelled sequent calculus [23].

The reason there is continued interest in modal logic is its wide range of applications, mostly in the
temporal [6, 9] and epistemic reasoning [10].

So far, when it comes to intuitionistic modal logic, only a framework [28] has been proposed.
As such when it comes to formalization, limited work is found, but a lot of our implementation is based

on Ian Shillito’s work [31] for his formalization of intuitionistic logic, which we extend with the grammar
and the rules of modal logic. The proofs we present ended up being a lot trickier due to the introduction of
free variables in some of the rules.

Moreover, although the labelled sequent calculus [13,14,35] has been used in the proof theory of boolean
bunched implications [17], and recently intuitionistic modal logic [15, 23] there has not been any Coq for-
malization of it, which had been an additional challenge, as it introduces a third context to represent the
relations between labels.

5 Conclusion

Our project offers the basis of a formalization for the labelled sequent calculus for intuitionistic modal logic.
We have successfully formalized the syntax and semantics of the system, and considered multiple design
choices to make both the proofs clearer and its usage more intuitive. This formalization allowed us to prove
some key theoretical properties of the system: weakening, admissibility of general identity, completeness
with regards to IK, and invertibility for single premises rules. The project is available in GitHub2 and
documentation should be added for easier extension in the future.

The next step that is yet to be done is using our formalization and building blocks to ultimately prove
cut elimination for labIK≤. Our hope is that this formalization allows us to formally prove in Coq the
decidability of IS4.

2https://github.com/natvern/labelled-Intuitionistic-logic-coq
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